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Abstract: Research has highlighted that inquiry-based learning (IBL) instruction
leads to many positive student outcomes in undergraduate mathematics. Although
this research points to the value of IBL instruction, the practices of IBL instructors
are not well-understood. Here, we offer a characterization of a particular form of IBL
instruction: inquiry-oriented instruction. This characterization draws on K-16 research
literature in order to explicate the instructional principles central to inquiry-oriented
instruction. As a result, this conceptualization of inquiry-oriented instruction makes
connections across research communities and provides a characterization that is not
limited to undergraduate, secondary, or elementary mathematics education.
Keywords: Inquiry-oriented, instructional practices, teaching.

1. INTRODUCTION
Recently published empirical studies provide evidence that inquiry-based
learning (IBL) has many positive outcomes in the teaching of undergraduate
mathematics in the United States. It has been reported that:
students in IBL math-track courses reported greater learning gains than their nonIBL peers on every measure: cognitive gains in understanding and thinking; affective gains in confidence, persistence, and positive attitude about mathematics;
and collaborative gains in working with others, seeking help, and appreciating
different perspectives [22, p. 409].
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In addition to these positive outcomes for all students, IBL also functioned as a
more equitable form of instruction, as evidenced by the elimination of gender
differences in student outcomes. More specifically:
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women in non-IBL courses reported substantially lower cognitive and affective
gains than did their male classmates. In contrast, in IBL courses, women’s cognitive and affective gains were statistically identical to those of men, and their
collaborative gains were higher [22, p. 412].

Further supporting these findings is a previous study by Kogan and Laursen
[17], in which the authors analyzed data from over 100 sections of 40 courses,
and found that students who had taken an IBL course were more likely to pursue
further math courses, and that these students were just as likely as their nonIBL peers to succeed in subsequent courses (even though less material may
have been covered in the IBL courses).
Generally speaking, IBL instruction has been described as a “big tent” that
encompasses many different instructional approaches. However, in all of these
approaches there is a commitment to active learning. As described by Laursen
et al. [22]:
IBL methods invite students to work out ill-structured but meaningful problems
…… Following a carefully designed sequence of tasks rather than a textbook,
students construct, analyze, and critique mathematical arguments. Their ideas and
explanations define and drive progress through the curriculum. In class, students
present and discuss solutions alone at the board or via structured small-group
work while instructors guide and monitor this process [22, p. 407].

Whereas this description provides an account of what students are doing in IBL
classes, we hope to further the discussion by elaborating on what teachers do
to facilitate this sort of student engagement.
As we do not speak for the entire IBL community, our discussion will
instead focus on providing a framework for inquiry-oriented instruction: a
form of instruction that shares many instructional philosophies and goals with
IBL. Specifically, we draw on our collective research experience with inquiryoriented instruction [12, 13, 14, 15, 18, 19, 20, 21, 34, 36, 37], situated within
the theory of Realistic Mathematics Education [5], to present a characterization of inquiry-oriented instruction framed around four instructional principles: generating student ways of reasoning, building on student contributions,
developing a shared understanding, and connecting to standard mathematical
language and notation. Situating this form of instruction with regard to IBL,
we believe that some distinguishing characteristics of discussions surrounding
inquiry-oriented instruction include their heavy emphasis on student reinvention of concepts, instructor inquiry into student thinking, and student inscriptions and their role in the development of the mathematics.

Inquiry-Oriented Instruction
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To better understand these principles and their nuances, and describe
each of their roles in instruction, we first draw on the Realistic Mathematics
Education theory and research literature (especially that research carried out in
undergraduate mathematics). We then look to the broader K-16 literature base
to understand, and illustrate, how these principles can be enacted. In the following sections we present a general overview of inquiry-oriented instruction
and its philosophical foundations, and then draw connections with the four instructional principals. After providing a description of each of the principles
and what they may look like in action, we conclude the paper with a vignette
from an introductory linear algebra class and a brief discussion.

2. INQUIRY-ORIENTED INSTRUCTION
The framing of inquiry-oriented instruction we provide draws on the work underlying three sets of research-based, inquiry-oriented curricular materials currently being scaled up for post-calculus undergraduate mathematics courses:
linear algebra (e.g. [35]), differential equations [25], and abstract algebra [21].
Each set of these curricular materials was designed in accordance with the instructional design theory of Realistic Mathematics Education and is intended
to foster student reinvention of mathematical concepts [4]. To support this reinvention, the curricular materials include task sequences “that build on student
concepts and reasoning as the starting point from which more complex and formal reasoning develops” [35, p. 321]. These task sequences form the basis of
inquiry-oriented instruction, by providing a trajectory for the students’ reinvention process, a context for student inquiry, and a foundation on which teachers
can access, inquire into, and guide student understanding.
Students in an inquiry-oriented classroom:
learn new mathematics through inquiry by engaging in mathematical discussions,
posing and following up on conjectures, explaining and justifying their thinking,
and solving novel problems [27, p. 190].

These activities promote the emergence of important student-generated
ideas and solution methods, which one can think of as the mathematical “fodder” available to the teacher for the progression of the mathematical agenda
[31]. This fodder is generated by the students as they engage with the mathematical activities that comprise the instructional sequence, and by participating
in argumentation and justification as students explain their own ways of reasoning and make sense of the reasoning of others. In this way, student inquiry
and carefully designed task sequences provide instructional opportunities;
however, it is with the support of the instructor that these opportunities are fostered, refined, and leveraged. As such, we follow Rasmussen and Kwon’s [27]
emphasis that, in addition to students’ inquiry into mathematical problems,
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instructors’ inquiry into student thinking is a crucial aspect of inquiry-oriented
instruction.
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3. INSTRUCTIONAL PRINCIPLES OF INQUIRY-ORIENTED
INSTRUCTION
Reflecting on the research and descriptions of inquiry-oriented instruction, our
own prior research on the implementation of inquiry-oriented instructional materials [12, 13, 14, 16, 18, 19, 20, 21, 34, 36, 37], and a collection of classroom
videos of experts and novices implementing inquiry-oriented instructional materials [18], we were able to distill four instructional principles. With inquiryoriented instruction, (informed by Realistic Mathematics Education) one of the
main instructional tenets is that students’ informal mathematical reasoning is
evoked and then leveraged to develop the more formal mathematics [4]. This
tenet gives rise to the first two instructional principles: generating student ways
of reasoning and building on student contributions. Given the central role of students’ mathematical reasoning in the development of the mathematical agenda,
this reasoning must be generated, elicited, and inquired into by the teacher. The
teacher then must help transition the developing mathematics of the classroom,
from that of informal student reasoning to that of formal mathematics. To do so
the teacher uses the students’ contributions to build towards the mathematical
agenda, while ensuring that the learners “come to regard the knowledge they
acquire as their own private knowledge, knowledge for which they themselves
are responsible” [6].
As the teacher is working to facilitate the generation of student mathematical reasoning, and even when the teacher is building on student contributions
to advance the mathematical agenda, it may be the case that the mathematics of
only a few individual students is the focus. For instance, it could be that only a
handful of students have contributed to the whole-class discussion or that only
one or two groups of students have developed the solution methods the teacher
had intended. To help ensure that each student in the class constructs an understanding of the intended mathematics, the teacher must make explicit efforts to
develop a shared understanding within the classroom community. This principle, reflected in the literature in terms of the teacher acting as a broker between the classroom community and individual groups of students within the
classroom [29], and in terms of the teacher supporting classroom mathematical practices that become “taken-as-shared” within the classroom [33], reflects
a commitment to considering the learning of the classroom collective as opposed to the learning of the few (often very strong) students contributing most
frequently to whole-class discussions.
The final principle, connecting to standard mathematical language and
notation, reflects the importance of the teacher acting as a broker between the
classroom and the broader mathematics community. As described by [29]: “the

Downloaded by [69.206.144.162] at 07:30 31 August 2017

Inquiry-Oriented Instruction

5

teacher as broker might introduce formal terminology from the discipline of
mathematics into the classroom community” (p. 174–175). This principle is inherently tied to the Realistic Mathematics Education ideal that “formal mathematics comes to the fore as a natural extension of the student’s experiential
reality” [5]. Thus, in an inquiry-oriented classroom, the development of formal
mathematics is still the instructional goal; however, it is a consequence of (and
not a starting point for) students’ mathematical reasoning.
In the following subsections, we continue to draw on literature concerning
inquiry-oriented instruction and Realistic Mathematics Education to more fully
explicate the four inquiry-oriented instructional principles: (i) generating student ways of reasoning; (ii) building on student contributions; (iii) developing
a shared understanding; and (iv) connecting to standard mathematical language
and notation. We then look to the more extensive K-16 literature base to understand and illustrate how these principles can be enacted. It should be noted that
the four principles are somewhat artificially separated for the purposes of explication. In actuality, these principles are quite intertwined and work together in
different ways throughout the lesson to support various aspects of instruction.

3.1. Generating student ways of reasoning
In inquiry-oriented instruction, teachers engage the students in authentic mathematical activity, usually through the use of purposefully designed tasks that
lead the students to discover key mathematical ideas [20, 28, 30, 31]. This authentic mathematical activity can be characterized as “complex thinking and
reasoning strategies that would be typical of ‘doing mathematics”’ [7, p. 529]
and includes conjecturing, justifying, and defining [8, 11, 31]. This stands in
contrast with more procedural and/or memorization-based activity.
Once these rich ways of reasoning are generated, either for individual
students or within small groups, they need to become part of the classroom
discourse, and thus an object for subsequent mathematical activity [23]. To do
this, teachers must prompt students to explain their thinking and justify their
solution strategies, with a focus on the reasoning the students utilized during
the task as opposed to only the procedures used. Research on instructional
quality indicates that the type of contributions teachers elicit is directly related
to the students’ opportunities to learn. Thus, it is important that teachers elicit
thinking and reasoning that “uncover the mathematical thinking behind the
answers” [10, p. 92]. The K-16 research literature discusses a number of ways
in which teachers can promote and elicit meaningful student contributions
through questioning: questioning can drive student investigation of mathematics, can support students in explaining their solution strategies, and can help
the instructor understand students’ thinking [24].
This last role of questioning, helping the teacher understand students’
thinking, has been identified by Rasmussen and Kwon [27] as a defining
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characteristic of inquiry-oriented instruction. The questions asked by teachers not only direct student investigations and provide the teacher with insight
into student thinking, but also they also help students refine and reflect on their
own thought process [1, 9, 27]. In this way, by inquiring into student thinking,
teachers are able to support students in generating more sophisticated ways of
reasoning.
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3.1.1. Description of generating student ways of reasoning in action
Students are engaged in generalizing their thinking to make mathematical
claims that they test and, then either support or reject these claims with arguments, examples, and counterexamples. The teacher tries to connect the task
to the students’ prior experiences in ways that facilitate their continued and
meaningful engagement in the task.
The teacher explicitly asks students to share their approaches to the tasks
and the reasoning the students used to complete those tasks. The focus is not
on what answers the students attain, but rather on how the students arrived at
their particular answer, how they were thinking about the problem, the method
they used, and justifications for choosing that method.
The teacher engages in conversations with the students about their thinking. These conversations indicate that the teacher is attempting to assess their
own understanding of students’ thinking. There are instances of probing,
rephrasing of student contributions, and re-presentations of student reasoning.
It seems as though the teacher tries to figure out “how are my students thinking
about this?” as opposed to only evaluating answers for correctness.
3.2. Building on student contributions
To support the students’ own reinvention of the mathematical ideas, rather than
strictly adhering to a rigid set of lecture notes, “classroom participants (teacher
and students) lay down a mathematical path as they go” [38, p. 117]. In this
way, the teacher facilitates the students’ construction of intended mathematical goals, while simultaneously allowing the students to retain ownership of
the mathematics: a key tenet of Realistic Mathematics Education [6]. To coconstruct this path, teachers elicit and inquire into student contributions to determine which ideas (correct or incorrect) are important and relevant to the
development of the mathematics, and which ideas can be leveraged to build
student thinking that is commensurate with the mathematical goals of the lesson [14, 21, 31]. In addition to eliciting and inquiring into student thinking, the
teacher must also use these contributions to inform the lesson. Here we provide
more detail about how eliciting, inquiring, and utilizing student contributions
allow teachers to build on student contributions as they advance the mathematical agenda.
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Leatham et al. [23] state that foundational to building on student thinking
is, first, the presence of student mathematical thinking that “is likely to advance
students’ development of important mathematical ideas—whether the student
thinking is mathematically significant” [23, p. 92]. After eliciting the contributions, the teacher must then assess the contributions’ potential for productivity
with regard to the development of the mathematical agenda. In this sense, the
teacher is again inquiring into student mathematics, but now for the purposes of
determining if and how student contributions can be utilized to promote a more
sophisticated understanding of the mathematics. That is, the teacher is considering the contributions of one or more students in reference to the intended key
mathematical ideas of the lesson, and how the contributions could be used to
build toward those key ideas. Although teacher inquiry serves many functions
and roles throughout a lesson (see [10, 13, 27]), with regard to building on student contributions, teacher inquiry allows teachers to form models of student
thinking and understanding, reconsider important mathematical ideas in light
of these models, and formulate questions and tasks that enable the students to
build on those ideas [27]. This aligns with the notion that:
an important part of mathematics teaching is responding to student activity, listening to student activity, notating student activity, learning from student activity,
and so on [28, p. 414].

By eliciting and inquiring, the teacher can generate instructional space
where:
the nature of student mathematical thinking might compel one to take a particular path because of the opportunity it provides at that moment to build on that
thinking to further student mathematical understanding [21, p. 118].

In other words, “instead of controlling the exact content that gets stated in
a lecture, the teacher’s responsibility is to monitor, select, and sequence student ideas” [12, p. 13] in ways that build toward the class’s development of the
intended mathematics. Some of the ways a teacher can guide the development
of the mathematical agenda by using student contributions include: identifying
and sequencing student solutions to “ensure that the discussion advances his
or her instructional agenda” [12, p. 648]; utilizing Pedagogical Content Tools
“to connect to student thinking while moving the mathematical agenda forward” [28, p. 389]; or by refocusing the class towards the use of certain studentgenerated ideas, marking important student contributions, and assigning tasks
meant to clarify and build on students’ ideas/questions. In these ways, teachers
can guide and manage the development of the lesson while building on student
contributions, developing mathematical ideas in directions commensurate with
the mathematical agenda, and supporting students in maintaining authority and
ownership of the mathematics.
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3.2.1. Description of building on student contributions in action
The teacher listens to and explores students’ contributions when appropriate,
and utilizes these ideas to inform follow-up questions and tasks that build
along a trajectory toward the important key mathematical ideas. The teacher
uses intermediate student progress to redirect and focus small-group work towards the important mathematical ideas. The instructor often takes advantage
of student thinking that he/she feels can promote the emergence of ideas commensurate with the mathematical agenda. There is an atmosphere of openness
to, and space for, following/exploring unexpected contributions; specifically,
where the students are the ones doing the exploration. For instance, the teacher
(knowing the mathematics that may develop as a consequence) may prompt a
group of students to think about a particular approach, one a different group of
students had found useful.
The teacher monitors small-group work and both records and uses student
contributions during whole-class discussions as a way to promote the development of the intended mathematical ideas. The teacher guides student explorations towards the mathematical goals of the day. The teacher’s questions and
interactions appear to be directed towards a clear mathematical goal. Additionally, the instructor manages both the small-group work and the whole-class
discussions. For example, the teacher may redirect the classroom’s focus from
small-group work to a whole-class discussion when productive ideas, which
may help build on the ideas of other students, have emerged in some of the
small groups.

3.3. Developing a shared understanding
As discussed by Stein et al. [32]:
a key challenge that mathematics teachers face in enacting current reforms is to
orchestrate whole-class discussions that use students’ responses to instructional
tasks in ways that advance the mathematical learning of the whole class [32,
p. 312, emphasis added].

Within the inquiry-oriented research base, many articles make use of, and
highlight the importance of, developing a shared understanding (e.g., [26,
29, 33]). For instance, Stephan and Rasmussen [33] discuss ways in which
important mathematical ideas and ways of reasoning, emerging from ideas
originating with individual students or small groups of students, become takenas-shared within a classroom. The important distinction between building on
student contributions and developing a shared understanding is characterized
by who is making sense of the evolving mathematical agenda. In the former, it
is the teacher and a select group of students who have provided the bulk of the

Inquiry-Oriented Instruction
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contributions; in the latter, it is the classroom community as a whole, developing and co-constructing a taken-as-shared understanding. As described by
Fredericks:
There is this risk that you can pose the problem and then you can have five groups
share how they did it and then you can go to the next problem [without any additional discussion of the groups’ ideas]. And you can assume that the students will
make the connections, and some of them will and some of them won’t. I think
to really be effective you have to push yourself further than that. That you have
to think about what those connections are and you have to make sure that they
explicitly come out. Otherwise you don’t know who got it and who didn’t. You
are right back to where you were when you taught the old way [13, pp. 13–14].

In order to develop a shared understanding of the emerging mathematics, teachers can again be responsive to student thinking, engage students in one another’s
thinking, and introduce language and notation that helps students to “get on the
same page.”
Just as with building on student thinking, by being responsive to student
thinking and contributions, teachers can create new instructional space [14].
With regard to this principle, the instructional space is created for the purpose
of developing a shared understanding within the classroom community. For instance, a teacher may recognize that the whole class could benefit from one
group’s problem-solving method, and in response, create a task in order for the
particular method to become familiar to, and understood by, the other students
in that class. In this way, the new task creates space for the class to develop a
shared understanding of an important mathematical idea that may have originated from an individual student.
By creating such a task, the teacher is also asking students to engage with
one another’s thinking. By having students engage in one another’s thinking,
all students are presented with opportunities to deepen their own thinking, generate new ideas, and make mathematical connections. As discussed by Jackson
et al. [11]: “the teacher plays a crucial role in mediating the communication
between students to help them understand each other’s explanations” [11, p.
648]. Stein et al. [32] provide several examples of how teachers can support
students in making mathematical connections between differing student contributions and important mathematical ideas. Some of these examples include
asking students to reflect on the contributions of other students, assisting
students in drawing connections between the mathematics present in solution
strategies and the various representations that may be utilized, and facilitating
mathematical discussions about different student approaches for solving a
particular problem. Doing so can prompt students to reflect on other students’
ideas while evaluating and revising their own [2, 3].
Finally, teachers can strategically use the introduction of language and notation as a way to facilitate a shared understanding. Mathematical language and
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notation does not only serve as a way to mark important mathematical ideas. In
an inquiry-oriented classroom, the introduction of language and notation serves
also as a way for teachers to support the use of a common way of thinking about
a mathematical idea, which then serves as a launching point for the construction of more formal mathematics. Rasmussen and Marrongelle [26] indicate
that inquiry-oriented instructors often notate student thinking in ways that allow the class to use that thinking to then solve new problems.
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3.3.1. Description of developing a shared understanding in action
The teacher asks students to reflect on the contributions of other students, e.g.,
“How are you all making sense of what this group is starting to think about
here?” The teacher encourages students to ask one another questions about
alternate approaches and ways of thinking. Additionally, the instructor often
points out ideas other students had while working on the task, as a way to support the students’ progress. The teacher and students share responsibility for
the development of the mathematical ideas.
When appropriate, the teacher records and notates student contributions
with (formal) mathematical language and notation, as a way to foster a common vocabulary for the classroom community. The teacher listens to and
explores students’ contributions when appropriate, and utilizes these ideas to
inform the lesson and follow-up questions that address any inconsistencies
across the students’ understanding of a particular idea. Questions about student
contributions are asked to the class. The teacher uses productive intermediate
student progress to redirect and focus small-group work towards the important
mathematical ideas. The instructor often takes advantage of student thinking that he/she felt promoted the mathematical agenda by shifting focus to
productive student-generated justification.

3.4. Connecting to standard mathematical language and notation
One of the major tenets of inquiry-oriented instruction is the idea that formal
mathematics emerges from students’ informal understandings [5]. As noted by
Gravemeijer and Doorman [6]:
there will always be a tension between a bottom-up approach that capitalizes on
the inventions of the students and the need, (a) to reach certain given educational
goals, and (b) to plan instructional activities in advance. As a consequence, a
top-down element is inevitable in instruction [6, p. 9].

Conceptually speaking, one way for a teacher to approach this tension
is to act as a broker “between the entire classroom community and the
broader mathematical community by the insertion of formal convention and

Inquiry-Oriented Instruction
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terminology” [29, p. 201]. Within the relevant research literature there exist
two complementary ways by which teachers can help the students connect
their own mathematical ways of reasoning to mathematically standard, and
in some cases quite formal, language and notation: introducing language and
notation as a way to record student thinking, and supporting the formalization
of the students’ ideas and contributions.
As described by Rasmussen et al. [29]:
in contrast to more traditional teaching in which formal or conventional terminology is often the starting place for students’ mathematical work, this teacher
[one implementing an inquiry-oriented curriculum] chose to introduce the formal mathematical language only after the underlying idea had essentially been
reinvented by the students [29, p. 203].

By using language as a way of capturing student thinking, as opposed to
launching student thinking, the formal mathematics is treated as an extension
of the students’ understanding, instead of something external to the students’
thinking. The introduction of (meaningful) language and notation is just one
way in which teachers can support the formalization of student contributions
and reasoning. Other ways are: translating informal, and sometimes incomplete, student contributions into testable conjectures [15]; introducing transformational records “that are initially used to record student thinking and that
are later used by students to solve new problems” [28, p. 389]; providing generative alternatives intended to “foster particular social norms for explanation
and that generate student justifications for the validity of these alternatives”
[28, p. 389]. Each one of these options supports the teacher in carrying out
a crucial role in inquiry-oriented instruction: “linking student-generated solution methods to disciplinary methods and important mathematical ideas”
[11, p. 648].
3.4.1. Description of connecting to standard language and mathematical notation in action
The teacher notates student contributions with formal mathematical language
and notation. This is done only after the students have had a chance to informally develop the mathematical concepts, and when it is likely that the students
could make sense of the formal mathematics by connecting it to their previous work. The teacher explicitly prompts the students to make connections between their work and the more formal mathematical notation. For instance, the
students are asked to translate and/or interpret the formal mathematical notation introduced by the teacher (which may not match the exact notation used
by the students while completing the tasks), by utilizing their own generated
ideas.

12
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4. AN EXAMPLE FROM INQUIRY-ORIENTED LINEAR ALGEBRA
Over the last decade, a team of mathematics education researchers has been developing instructional materials for an inquiry-oriented course in introductory
linear algebra [29, 35, 36, 37]. True to Realistic Mathematics Education, the
concepts of span and linear independence grow out of the students’ work in an
experientially real task setting: in this case, the movements of a magic carpet
and a hoverboard (for a full description see [37]). The first task in the inquiryoriented linear algebra curriculum asks students to imagine using a hoverboard
(with restricted movement) and a magic carpet (with restricted movement) to
find Old Man Gauss given the coordinates of his house. In the subsequent task
(see Figure 1), the students are asked if there are any locations he can hide that
their modes of transportation cannot reach. This task sequence was designed
to serve several purposes, including an introduction to the concepts of linear
combination and span [37]. Here we provide a description of the implementation of the magic carpet task sequence by Dr. Patton (a mathematician who was
not part of the design/research team that developed the inquiry-oriented linear
algebra (IOLA) materials).
During Dr. Patton’s implementation of this task sequence, she initiated the
“Can Old Man Gauss Hide” task by asking the students to work in small groups
to determine whether there was a place they would not be able to reach using
the hoverboard and the magic carpet. During the small-group work, the students

Figure 1. The can Old Mann Gauss Hide task from IOLA.
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worked together to investigate which points in the x-y plane could and could
not be reached. Dr. Patton monitored the students’ work and asked pressing
questions in order to be able to better understand how the students understood
the task (e.g., What does it mean to ride the hoverboard in reverse?) and to get
insight into their solution strategies and reasoning. By doing so, Dr. Patton supported students in generating their own approaches and reasoning in relation to
a mathematically meaningful task. By inquiring into the students’ thinking, she
was better able to support the students’ inquiry into the mathematics. In addition, this allowed her to facilitate the generation of student ways of reasoning
and solution paths without giving away answers.
To build on the students’ thinking, Dr. Patton then asked students to present
their group work, sequencing the presentations in a way that allowed her to
facilitate a discussion about the similarities and differences in the various approaches. During this discussion, Dr. Patton made an explicit point to highlight
student approaches and inscriptions that anticipated key mathematical ideas
of the lesson. This sequence of presentations culminated in one group’s argument that Gauss could not hide because for any position (x, y), they could
algebraically solve for how long they needed to ride the hoverboard and magic
carpet to find him (t1 and t2 , respectively). Their work can be seen in Figure 2.
With the group’s discovery of one of the key ideas of the lesson,
Dr. Patton’s role shifted toward supporting the development of a shared understanding throughout the entire class. She did this by asking the students to
return to their groups and reflect on the contributions of other students. To further support this development, Dr. Patton directed the students to ideas other
students expressed while working on the task, ideas that she deemed as important for the students’ construction of the key mathematical ideas.

Figure 2. Student work from the Can Old Man Gauss Hide task.

14

Kuster et al.

Finally, Dr. Patton used the ideas the students discussed in the presentation
of their approach as a way to introduce the ideas of linear combination and span.
Explaining that:
What we’ve done is express generic vector A, B [renaming and referring to the
(x, y) from the students’ work] as a linear combination of our hoverboard and
magic carpet vectors.
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In other words, Dr. Patton supported the formalization of the students’ generated ideas and contributions in a way that connected the students’ work to the
mathematically standard language and notation of linear combination and span.

5. DISCUSSION
The teaching and learning of mathematics through inquiry has been steadily
gaining traction in undergraduate mathematics education. However, the notion
of inquiry, even just within the IBL community, is quite diverse. IBL has roots
with the “Moore Method,” but has grown to incorporate other perspectives on
inquiry. For instance, Rasmussen and Kwon [27] highlight the importance of
both student and teacher inquiry, whereas others are incorporating influences
from scientific inquiry, with Katz and Thoren defining mathematical inquiry
as the skills needed to “ask and explore new questions after they leave our
classrooms” [15, p. 9]. These varied uses and notions around the word inquiry
have had some important impacts on undergraduate mathematics education.
On the one hand, “inquiry” as an umbrella term has facilitated the growth of a
community of teachers who are interested in non-lecture instruction, providing
a descriptor that can be utilized to help indicate the nature of the “non-lecture”
classroom. On the other hand, communication around teaching practice and
intent can be hindered by this catch-all term, as it does not provide a vernacular
that allows for nuanced conversations about particular forms of “non-lecture.”
Here our goal was to draw on our collective experience with inquiryoriented instruction, situated within the theory of Realistic Mathematics Education, in order to present a vision of inquiry-oriented instruction framed around
four instructional principles: generating student ways of reasoning, building
on student contributions, developing a shared understanding, and connecting
to standard mathematical language and notation. To better understand the nuances of these principles, and describe the role of each of these principles in
instruction, we first looked at the inquiry-oriented and Realistic Mathematics
Education theory and research literature. We then looked at the more extensive
K-16 literature base to understand, and illustrate, how these principles can be
enacted.
We hope that, by putting forward this characterization, we can help facilitate reflection and communication. In a lot of ways, teaching is a craft in
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which we incorporate values, goals, and philosophies into our daily practice,
as opposed to a set of procedures and methods that we execute. As a result,
the guiding principles we hold and the instructional practices we carry out can
be rather implicit and situated. By providing this framing of inquiry-oriented
instruction, we are offering a language that supports examining and reflecting on our own instruction, and also allows for meaningful communication
with others about commonalities and differences in our instruction and our
goals.
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